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We perform a zero temperature analysis of a non-Abelian lattice gauge model corresponding to
an SU(3) Yang Mills theory in 1+1D at low energies. Specifically, we characterize the model ground
states via gauge-invariant Matrix Product States, identifying its phase diagram at finite density as
a function of the matter-gauge interaction coupling, the quark filling, and their bare mass. Overall,
we observe an extreme robustness of baryons: For positive free-field energy couplings, all detected
phases exhibit colorless quasiparticles, a strong numerical hint that QCD does not deconfine in 1D.
Additionally, we show that having access to finite-density properties, it is possible to study the
stability of composite particles, including multi-baryon bound states, such as the deuteron.
The theory ruling the strong interactions within and
among hadrons, Quantum ChromoDynamics (QCD), is
the main focus of much of the current experimental and
theoretical effort in high energy physics [1]. Many of the
collective phenomena arising from this theory, including
the phase diagram, have yet to be fully characterized, es-
pecially at finite density [2, 3]. In fact, non-perturbative
numerical approaches based on lattice formulations [4–7],
such as MonteCarlo simulations, suffer by the notorious
sign problem for complex actions, e.g., in the presence
of fermions, such as quarks, or at finite chemical poten-
tials [8]. A promising, alternative route to simulate gauge
theories modeled on a lattice based on Tensor Network
(TN) ansatz states has been recently put forward. In-
deed, TNs have already shown significant capabilities, de-
livering quantitative predictions for lattice gauge theories
in one spatial dimension [9–12]. Mostly, Abelian lattice
gauge theories have been investigated [13–18], with a few
non-Abelian exceptions [19–21]. Yet, to our knowledge,
no further attempt at capturing the phase properties of a
microscopic dynamics analogous to QCD has been made.
Here we present the TN study of a one-dimensional
lattice gauge theory with SU(3) symmetry in the quan-
tum link formulation [22–24]. The model involves fla-
vorless Kogut-Susskind matter fermions [5] and SU(3)
Yang-Mills gauge fields, truncated to the first nontrivial
Casimir operator excitation. We investigate the equilib-
rium properties of this QCD-like model at finite density,
at zero temperature and finite lattice spacing `. We show
that TN enables investigation of the confinement prob-
lem in models of increasing complexity and by means of
different tools, identifying phases, order properties and
binding energies of composite particles. In particular,
for zero quark bare mass, we detect a Luttinger liquid
of baryons at finite nonzero charge density. Only at
no charge imbalance the theory does exhibit insulating
phases, one spontaneously breaking chiral symmetry at
low interactions, and another forming dimers in OBC for
large interactions. Finite bare masses open energy gaps
for weak interactions, resulting in insulating phases even
at finite density. Finally, we show directly evaluating the
binding energy that it is more energetically favourable to
form colorless baryons then colorful particles, and that
in this theory the deuteron is not energetically stable.
These results foster further development of analogous
modelizations in two or higher dimensions, as well as the
development of quantum simulation strategies [25–30],
on atomic-molecular-optical platforms, capable of imple-
menting such interesting lattice gauge physics, such as
the recently proposed hybrid simulators [31–33].
Model −We consider a lattice gauge model in one spa-
tial dimension equipped with a SU(3) local gauge sym-
metry. The matter field sublattice, labeled with sites
{j}, hosts colorful (spinless, flavorless) Kogut-Susskind
(KS) fermions [5, 34]: Odd sites {2j − 1} host quark
fermions, each possessing a fundamental representation
q = (1, 0) = {r, g, b} for its color degree of freedom.
Even sites {2j} host antiquark fermions, with an anti-
fundamental representation q¯ = (0, 1). Via a particle-
hole transformation performed on even sites, common to
KS Hamiltonians, we convert them to be quark-like (q)
fermions again, as sketched in Fig. 1(a).
The gauge field (gluon) sublattice, labeled with links
{j, j + 1}, is defined via its left-hand Lνj,j+1 and right-
hand Rνj,j+1 non-Abelian ‘electric’ field operators (here
ν ∈ {1, 8} corresponds to the 8 generators of the SU(3)
group), and by its parallel transporters operators Ua,a
′
j,j+1,
with a, b ∈ {r, g, b}, which must obey the commutation
relations: [Lνj,j+1, U
a,a′
j′,j′+1] = − 12δj,j′
∑
k λ
ν
a,kU
k,a′
j,j+1 and
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2[Rνj,j+1, U
a,a′
j′,j′+1] =
1
2δj,j′
∑
k U
a,k
j,j+1λ
ν
k,a′ where the fac-
tors λν are the 8 Gell-Mann matrices.
The truncated one-dimensional lattice QCD Hamilto-
nian we adopt commutes with all the Gauss’ law gener-
ators Qνj , detailed in the Supplementary Material (SM),
and reads
HSU(3) = − t
`
L−1∑
j=1
r,g,b∑
a,a′
(
c†j,a U
a,a′
j,j+1 cj+1,a′ + h.c.
)
+ g`
L−1∑
j=1
(
C
(L)
j,j+1 + C
(R)
j,j+1
)
−m
L∑
j=1
r,g,b∑
a
(−1)jc†j,acj,a,
(1)
where the Dirac fermionic operators c(†)j,a with a ∈ {r, g, b}
describe the KS matter field, and obey the usual Clifford
algebra {cj,a, cj′,a′} = 0 and {c†j,a, cj′,a′} = δj,j′δa,a′ .
The operators C(L)j,j+1 =
∑8
ν=1(L
ν
j,j+1)
2 and C(R)j,j+1 =∑8
ν=1(R
ν
j,j+1)
2 are the quadratic Casimir operators, re-
spectively for the left-hand side and the right-hand side
of the gluon at {j, j + 1}, and define the free gluon-
field energy term in the Hamiltonian (1). The first line
in equation (1) represents the coupling between mat-
ter and gauge fields, and describe a process of quark-
antiquark pair creation/annihilation, which in the stag-
gered fermion language reads as a nearest-neighbor hop-
ping term, while the gluon in the middle link is updated
to protect the Gauss’ law. The last term in the Hamilto-
nian represents the bare mass of quarks and antiquarks,
and it appears as a staggered chemical potential accord-
ing to the KS prescription. The straight chemical po-
tential is absent as we run simulations at finite quark
density.
In this work we consider a static cutoff of the gluon
field in accordance to its pure energy density. Precisely
we truncate the space right after the first nonzero eigen-
value of the Casimir C(L) and C(R) (that is 43 ). There-
fore, the gluon space we are considering is composed by a
colorless-colorless (0, 0)⊗ (0, 0) state with energy 0, nine
quark-antiquark q⊗ q¯ states with energy 8g`/3, and nine
antiquark-quark q¯⊗ q states with energy 8g`/3, for a to-
tal of 19 gluon field states. In order to increase the cutoff
energy, it may be possible to follow an approach analo-
gous to Ref. [21] adapted to SU(3), however, we do not
perform this study in the present work.
Hereafter, we fix the energy scale by setting g = 3/4
and characterize the ground state |Ψ0〉 of the Hamilto-
nian (1), as a function of t, m and the fermion filling
ν = L−1
∑L
j=1
∑r,g,b
a c
†
j,acj,a which is a global symmetry.
Notice that ν ∈ [0, 3], and that ν = 3/2 represents the
KS vacuum sector, where there is no matter-antimatter
imbalance. The aforementioned truncation allows us to
implement ab initio manipulations onto the model, and
effectively simplify the gauge symmetry into a Z3 group.
Matter Sublattice 
Gauge Sublattice 
(a)
(b)
Baryon liquid
Chiral insulator Dimer insulator t
ν
3
2
Figure 1: (a) Schematic description of the degrees of free-
dom. KS fermions live on the matter sublattice: They rep-
resent quarks (odd sites) or antiquark-holes (even sites) and
have three colors (r, g, b). Listing the 8 local matter states ac-
cording to the total filling highlights the corresponding SU(3)
irrep: The empty state is a color-singlet (grey bullet), the
singly-filled states form a q irrep (∇ triangle), the doubly-
filled states form a q¯ irrep (∆ triangle), and the triply-filled
state another color-singlet. The truncated gluon field space
we consider includes 19 states: one singlet-singlet state, nine
q ⊗ q¯ states, and nine q¯ ⊗ q states. (b) The phase diagram
of the bare-massless case m = 0, plotted as a function of the
filling ν and the matter-gauge interaction t.
We show explicitly this treatment, carried out via quan-
tum link formulation [22, 35], in the SM. In order to
numerically simulate the quantum system, we use a Ma-
trix Product State (MPS) description of the many-body
quantum state that embeds both the gauge and the global
symmetries [10], and use a Time-Evolving Block Deci-
mation algorithm in imaginary time to approximate the
ground state |Ψ0〉. Running simulations with bondlink
dimension of the MPS up to D ∼ 400 allows us to mea-
sure local quantities and correlators with a convergence
precision of ∼ 10−6, sufficient to characterize the phase
properties.
Results: (1) No deconfinement − We explore vari-
ous parameter ranges, searching for phases which ex-
hibit Luttinger Liquid (LL) order where the quasipar-
ticles are respectively quark-like, meson-like, or baryon-
like. Single particle (quark-like) excitations can not be
colorless, so they appear with gluon strings attached.
It is possible to define a unique string-correlator act-
ing as order parameter of such quark-like LL behaviour
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Figure 2: Correlation lengths ξκ, with κ = 1, 2, 3, of the
Luttinger Liquid order parameters at free-field coupling g > 0
[(a)–(c)] and, for consistency check, g < 0 (d). (a–c) Here
ν = 1, m = 0 and g = 1: only baryonic liquid order emerges.
(d) Here ν = −3/2, m = 0 and g = −1: A quark-liquid
appears. System sizes are L = 48 (magenta), 72 (red), 96
(orange), 120 (yellow), 144 (green), 168 (cyan), 192 (blue).
as Cj,j′ =
∑
a,a′ c
†
j,aS
a,a′
j,j′ cj′,a′ . The string-body opera-
tor Sa,a
′
j,j′ , which acts on all the gluons between sites j
and j′, satisfies important properties: It transforms co-
variantly both left-side and right-side, so that Cj,j′ is a
gauge invariant quantity. Moreover, in order to capture
quasi long-range order it is a unitary propagator, i.e.,
C3j,j′ = (Cj,j′)3 = c†j,rc†j,gc†j,bcj′,bcj′,gcj′,r. Two particle
(Meson-like) excitations, revealing color BCS order, are
captured by C2j,j′ = (Cj,j′)2 and also possess a string at-
tached. Finally, C3j,j′ captures a LL order of baryons, or
three-particle excitations, which are colorless, and thus
carry no string. For each of these quasi-long range or-
der parameters Cκj,j′ with κ ∈ {1, 2, 3}, we can evalu-
ate the correlation length ξκ, which is well-approximated
by the expression ξκ =
√∑
l 6=0(|l| − 1)2C¯(κ)l /
∑
l 6=0 C¯(κ)l ,
where C¯(κ)l = 1L−l
∑
j〈Ψ0|Cκj,j+l|Ψ0〉. Hence, a LL or-
der of κ-particles excitations is revealed by a diverging
correlation length ξκ → ∞ for increasing system sizes
L → ∞. We carefully searched different parametric
ranges of the model couplings, and we observed that,
as long as g > 0 (positive energy densities of the gluon
field), only the baryonic Luttinger liquid ξ3 emerges as
a spontaneous quasi long-range order in the truncated
lattice QCD model of Eq. (1). the quark-like and meson-
like order parameter exhibit correlation lengths which
never go beyond 10 sites (a typical example is shown
in Fig. 2.a and 2.b) regardless of t,m and ν, thus such
order is not established. Such observation leads to the
conclusion that there are no phases (for g > 0) with mo-
bile colored quasiparticles, and thus the SU(3) theory
under study is strongly confined. This is in contrast to
the truncated SU(2) Yang-Mills lattice theory previously
studied by some of us [19], which instead exhibited liq-
uid phases with (colored) single-particle excitations. For
consistency, we remark that such strong confinement ef-
fect is energetic and not a byproduct of a symmetry pro-
tection. To stress this, we show that simply by setting a
(non-physical) negative free-field coupling g < 0, without
changing the gluon field truncation, indeed we activate
the quark-liquid and meson-liquid orders. This is shown
in Fig. 2.d.
(2) Phase Diagram − We explored various parameter
regimes, after setting g = 3/4, simulating the ground
state of the truncated lattice QCD Hamiltonian for var-
ious finite system sizes L. We estimated the phase prop-
erties, reported in Fig. 1(b), by extrapolating the ob-
servable quantities at the thermodynamical limit L →
∞. The MPS representation for the variational many-
body wavefunction grants access to the entanglement
entropies Sl of any left-right bipartion of the system:
{1..l|l+1..L}. We then discriminate between gapped and
gapless phases, by estimating the central charge c of the
correspondent conformal theory (see Fig. 4 in SM), via
Sl ' c6 log (L sin(pil/L)) +S′l(kF ) + c′ [36], where the cor-
rection S′l(kF ) = a
′ cos(2kF (l − L/2)) sin−b
′
(pil/L) takes
into account Fermi oscillations and allows us to access
the effective fermi wavevector kF , while a′, b′ and c′ are
fitting constants [37, 38].
In the bare massless case (m = 0) gapped phases are
found only in the KS vacuum, which corresponds to fill-
ing ν = 3/2 in the fermion language. A weak-interacting
insulator is detected for t < t(A)c ' 0.57 ± 0.01. This
phase exhibits chiral order, as it spontaneously breaks
the reflection symmetry P centered on a link (or equiv-
alently the particle-hole symmetry C). Such phase ap-
pears as a charge-density-wave insulator with wavevector
k = pi, and we characterize it by the order parameter
ζpi =
√
1
L(L+1)
∑
j 6=j′ eipi(j−j
′)〈(nj − ν)(n′j − ν)〉. The
latter is reported in Fig. 3, where nj =
∑r,g,b
a c
†
aca is
the local density operator. The presence of this phase
at low values of the matter-gluon coupling t  g con-
firms our predictions based on second-order and third-
order degenerate perturbation theories in t/g, which are
carried out analytically in the SM. A second insulating
phase exhibiting a different type of order is observed at
strong matter-gauge interactions t > t(B)c = 0.61 ± 0.01.
This phase displays a strong staggerization of entangle-
ment, showing higher entanglement when the bipartition
is performed on an odd-even bond, while lower entan-
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Figure 3: Order parameters at filling ν = 3/2 (KS vacuum), as a function of the matter-gauge interaction t: (a) Chiral insulator
ζpi, (b) Baryonic liquid ξ3 (c) Dimer insulator η. System sizes are L = 48 (magenta), 72 (red), 96 (orange), 120 (yellow), 144
(green), 168 (cyan), 192 (blue). The shaded region denotes the extrapolated liquid phase t(A)c < t < t(B)c , as determined from
finite-size scaling analysis (insets). The panel frames are color coded according to the phase diagram of Fig. 1, and show the
order parameter of the corresponding phase.
glement on an even-odd bond: This behaviour is shown
in Fig. 4 (bottom right Panel). We interpret this effect
as the formation of entangled dimers, resembling what is
found in the J1-J2 model [39]. If the boundary conditions
were periodic, we would expect to see a translationally-
invariant resonant valence bond state. However, due to
the presence of open boundaries, a specific dimer state
is selected, with each entangled pair sits on an odd-even
{2j − 1, 2j} pair of sites. Ultimately, the bulk, and thus
the thermodynamical limit of this phase, will be strongly
sensitive to the boundary conditions. As local order pa-
rameter to capture this phase we adopt the staggered
spatial average η of the matter-gauge interaction. Pre-
cisely, since we always simulate an even number of sites L,
we set η = | 2L
∑L/2
j=1〈H inter2j−1,2j〉 − 2L−2
∑L/2−1
j=1 〈H inter2j,2j+1〉|,
with H interj,j+1 =
∑r,g,b
a,a′ (c
†
j,a U
a,a′
j,j+1 cj+1,a′ + h.c.), as dimer
order parameter signaling a spontaneous breaking of the
translation by one site, and observe it converge to a fi-
nite value in the dimer phase (see Fig. 3). We located the
critical values t(A)c and t
(B)
c via a standard finite-size scal-
ing procedure [40]. We also detected a narrow window
t
(A)
c < t < t
(B)
c , at filling ν = 3/2, where the competition
between the two insulating orders actually favors a liquid
order: within this window we again observe the Luttinger
liquid order of Baryons, identified by ξ3 (also shown in
Fig. 3). We interpret this results as a vanishing of the
mass gap between the lower and the upper bands of the
Baryon conductor, which occurs only within this small
window of the t/g ratio. For any filling different from
the KS vacuum, that is ν 6= 3/2, the system behaves as
a band conductor of Baryons. Specifically, we observe a
divergence with L of the correlation length ξ3 related to
the Luttinger liquid order of Baryons. Similarly, we fit a
nonzero central charge c ≥ 1 (roughly c ' 1.3± 0.1) and
a Fermi wavevector kF ' pi3 ν, suggesting that we have
a single band of weakly interacting, quasi-free baryons
for 0 < ν < 3/2 and another band for 3/2 < ν < 3.
When considering finite bare masses m > 0 we detect
two main changes in the phase diagram. First of all the
narrow window of Baryon liquid at the KS vacuum filling
ν = 3/2 disappears completely, and we observe a simple
transition between the (induced) chiral insulator and the
dimer phases. Moreover we observe the emergence of ef-
fectively insulating phases when t m for any filling ν.
However, this regime is extremely hard to simulate via
imaginary TEBD and we can not rule out metastabilities.
(3) Binding energies −We also studied the mass gaps,
at finite size, of the SU(3) lattice gauge theory. This is
possible thanks to our canonical treatment of the parti-
cle number symmetry, which allows us to study the sys-
tem with one or a few excess quarks on top of the KS
vacuum, and thus measure the binding energies between
them. This analysis revealed that while each baryon
(three quarks) is a strongly bound state, two baryons (six
quarks) weakly repel each other. This suggest that (fla-
vorless) lattice QCD in 1D disfavors the creation of multi-
baryon bound states, such as atomic nuclei, in sharp con-
trast with QCD in three dimensions (see SM for more
details).
Conclusions − We simulated the equilibrium proper-
ties of a compact one-dimensional flavorless lattice QCD:
the theory is strongly confined, i.e., it exhibits only col-
orless quasiparticles. Our approach shows the power of
Tensor Network for treating non-perturbatively lattice
gauge theories in low dimensions, while exactly capturing
the gauge symmetry content, even when it is a complex
non-Abelian structure such as the SU(3) group.
We warmly thank A. Celi, K. Jansen and P. Zoller for
stimulating private discussions. Authors kindly acknowl-
edge financial support from the EU via ERC Synergy
Grant UQUAM, the QuantERA project QTFLAG, and
the Quantum Flagship PASQUANS, from the Baden-
5Württemberg Stiftung via Eliteprogramm for PostDocs,
from the Carl-Zeiss-Stiftung via Nachwuchsförderpro-
gramm, and from the DFG via the TWITTER project.
[1] J. Möller and Y. Schroder, arXiv preprint
arXiv:1007.1223 (2010).
[2] M. A. Halasz, A. D. Jackson, R. E. Shrock, M. A.
Stephanov, and J. J. M. Verbaarschot, Phys. Rev. D
58, 096007 (1998).
[3] M. Stephanov, arXiv preprint hep-lat/0701002 (2006).
[4] K. G. Wilson, Phys. Rev. D 10, 2445 (1974).
[5] J. Kogut and L. Susskind, Phys. Rev. D 11 (1975),
10.1103/PhysRevD.11.395.
[6] J. Schwinger, Phys. Rev. 128, 2425 (1962).
[7] C. Hamer, Z. Weihong, and J. Oitmaa, Phys. Rev. D
56, 55 (1997).
[8] M. Troyer and U.-J. Wiese, Phys. Rev. Lett. 94, 170201
(2005).
[9] T. Byrnes, P. Sriganesh, R. Bursill, and C. Hamer, Phys.
Rev. D 66, 013002 (2002), arXiv:0201007 [hep-lat] .
[10] P. Silvi, E. Rico, T. Calarco, and S. Montangero, New
Journal of Physics 16, 103015 (2014).
[11] L. Tagliacozzo, A. Celi, and M. Lewenstein, Phys. Rev.
X 4, 041024 (2014).
[12] M. C. Bañuls, K. Cichy, J. I. Cirac, K. Jansen, and
S. Kühn, PoS(LATTICE 2018) (2018).
[13] L. Tagliacozzo and G. Vidal, Phys. Rev. B 83, 115127
(2011), arXiv:1007.4145 .
[14] E. Rico, T. Pichler, M. Dalmonte, P. Zoller, and S. Mon-
tangero, Phys. Rev. Lett. 112, 1 (2014).
[15] M. C. Bañuls, K. Cichy, J. I. Cirac, K. Jansen, and
H. Saito, PoS(LATTICE 2013)332 (2013), 1310.4118 .
[16] M. C. Bañuls, K. Cichy, J. I. Cirac, K. Jansen, and
S. Kühn, Phys. Rev. Lett. 118, 071601 (2017).
[17] B. Buyens, J. Haegeman, K. Van Acoleyen, H. Ver-
schelde, and F. Verstraete, Phys. Rev. Lett. 113, 091601
(2014).
[18] M. Bañuls, K. Cichy, J. Cirac, and K. Jansen, Journal
of High Energy Physics 2013, 158 (2013).
[19] P. Silvi, E. Rico, M. Dalmonte, F. Tschirsich, and
S. Montangero, Quantum 1, 9 (2017).
[20] S. Kühn, E. Zohar, J. I. Cirac, and M. C. Bañuls, J.
High Energy Phys. 2015, 130 (2015), arXiv:1505.04441 .
[21] M. C. Bañuls, K. Cichy, J. I. Cirac, K. Jansen, and
S. Kühn, Phys. Rev. X 7, 041046 (2017).
[22] S. Chandrasekharan and U.-J. Wiese, Nuclear Physics B
492, 455 (1997).
[23] S. Chandrasekharan and U. J. Wiese, Nucl. Phys. B 492,
455 (1997), arXiv:9609042 [hep-lat] .
[24] E. Zohar and M. Burrello, Phys. Rev. D 91, 054506
(2015), arXiv:1409.3085 .
[25] S. P. Jordan, K. S. M. Lee, and J. Preskill, Science (80-.
). 336, 1130 (2012), arXiv:arXiv:1111.3633v2 .
[26] D. Banerjee, M. Bögli, M. Dalmonte, E. Rico, P. Stebler,
U.-J. Wiese, and P. Zoller, Phys. Rev. Lett. 110, 125303
(2013).
[27] L. Tagliacozzo, A. Celi, A. Zamora, and M. Lewenstein,
Annals of Physics 330, 160 (2013).
[28] L. Tagliacozzo, A. Celi, P. Orland, M. W. Mitchell, and
M. Lewenstein, Nat. Commun. 4, 1 (2013).
[29] E. Zohar, A. Farace, B. Reznik, and J. I. Cirac, Phys.
Rev. A 95, 023604 (2017).
[30] E. A. Martinez, C. A. Muschik, P. Schindler, D. Nigg,
A. Erhard, M. Heyl, P. Hauke, M. Dalmonte, T. Monz,
P. Zoller, and R. Blatt, Nature 534, 516 (2016).
[31] N. Klco, E. F. Dumitrescu, A. J. McCaskey, T. D. Morris,
R. C. Pooser, M. Sanz, E. Solano, P. Lougovski, and
M. J. Savage, Phys. Rev. A 98, 032331 (2018).
[32] C. Kokail, C. Maier, R. van Bijnen, T. Brydges, M. K.
Joshi, P. Jurcevic, C. A. Muschik, P. Silvi, R. Blatt, C. F.
Roos, et al., arXiv preprint arXiv:1810.03421 (2018).
[33] H.-H. Lu, N. Klco, J. M. Lukens, T. D. Morris, A. Bansal,
A. Ekström, G. Hagen, T. Papenbrock, A. M. Weiner,
M. J. Savage, et al., arXiv preprint arXiv:1810.03959
(2018).
[34] J. Kogut, Rev. Mod. Phys. (1979).
[35] R. Brower, S. Chandrasekharan, and U.-J. Wiese, Phys.
Rev. D 60, 094502 (1999).
[36] P. Calabrese and J. Cardy, Journal of Statistical Mechan-
ics: Theory and Experiment 2004, P06002 (2004).
[37] P. Calabrese, M. Campostrini, F. Essler, and B. Nien-
huis, Phys. Rev. Lett. 104, 095701 (2010).
[38] P. Calabrese, J. Cardy, and I. Peschel, Journal of Statis-
tical Mechanics: Theory and Experiment 2010, P09003
(2010).
[39] F. D. M. Haldane, Phys. Rev. B 25, 4925 (1982).
[40] M. E. Fisher and M. N. Barber, Phys. Rev. Lett. 28,
1516 (1972).
[41] S. Bravyi, D. P. DiVincenzo, and D. Loss, Annals of
Physics 326, 2793 (2011).
60
0.5
1
1.5
2
0 0.5 1 1.5 2 2.5 3
c
ν
0
1
0 48 96
S
l
l
0
1
0 48 96
S
l
l
1
2
0 48 96
S
l
l
1
2
0 48 96
S
l
l
Figure 4: Central charge c, as a function of the filling ν at
t = 2.0, obtained from fitting the theoretical prediction (see
text) to the entanglement entropy profile Sl, over partition-
size l at system size L = 96. The sharp dip at ν = 3/2 signals
the insulating, dimer phase. The panels show a few examples
of the Sl profiles and the corresponding fits.
SUPPLEMENTARY MATERIAL
A1. Gauss’ Law
The SU(3) Gauss’ law at every site thus reads
Qνj |Ψphys〉 = 0, ∀ν ∈ {1, 8} and ∀j ∈ {1,L}, where
Qνj = R
ν
j−1,j +
r,g,b∑
a,a′
λνa,a′
2
c†j,acj,a′ + L
ν
j,j+1, (2)
unambiguously determining the subspace of physical
states |Ψphys〉. Equivalently, the Gauss’ law is requir-
ing that each matter field, fused with the gluon to its left
(right-hand side) and with the gluon to its right (left-
hand side) forms a color singlet (0, 0) overall.
A2. Quantum Link Model derivation
In this section we discuss how to explicitly obtain
the 19-states truncated SU(3) Lattice Gauge model un-
der our study from a Quantum Link Model perspective
[22, 35]. This pathway allows us to easily compute all
the relevant matrix elements for the various effective op-
erators of the many-body model, so that we can export
them on a numerical simulation platform (see next sec-
tion). In this paradigm, each gauge field degree of free-
dom {j, j + 1} is replaced with a pair of quark-colored
fermionic modes, or ‘rishons’, {j, L} and {j + 1, R}.
Hence, the substitutions
Ua,a
′
j,j+1 → ψj,L,aψ†j+1,R,a′ ,
Lνj,j+1 →
1
2
∑
a,a′
ψ†j,L,aλ
ν
a,a′ψj,L,a′ and
Rνj,j+1 →
1
2
∑
a,a′
ψ†j+1,R,aλ
ν
a,a′ψj+1,R,a′ ,
(3)
provide the correct commutation relations between
Ua,a
′
j,j+1 and L
ν
j,j+1 (resp. Rνj,j+1). Such splitting gener-
ates an Abelian link-symmetry as a byproduct, corre-
sponding to Nj,j+1 = nj,L + nj+1,R =
∑
a ψ
†
j,L,aψj,L,a +∑
a ψ
†
j+1,R,aψ
†
j+1,R,a. Specifically, we choose to work in
the symmetry sector Nj,j+1|Ψphys〉 = 3|Ψphys〉: This pro-
duces automatically a 20-dimensional gluon field space
which contains the desired 19-states truncated space.
Precisely, the two states with nj,L = 0 and nj,L = 3
transform both as colorless-colorless (0, 0)⊗ (0, 0) states,
while the nine states with nj,L = 1 correspond to the
quark-antiquark q ⊗ q¯ states, and finally the nine states
nj,L = 2 correspond to the antiquark-quark states q¯ ⊗ q.
Under these considerations, we can to formally rewrite
the (bare) free-field term of the truncated lattice QCD
Hamiltonian as
Hff =
g0
4
L−1∑
j=1
nj,L(3− nj,L) + nj+1,R(3− nj+1,R), (4)
where now the two colorless-colorless states have energy
0, and the other 18 states have energy g0.
In addition to the aforementioned splitting, Quantum
Link formulations of gauge theories add an extra term in
the Hamiltonian whose purpose is to break the artificial
symmetry Qj = nj,R +
∑
a c
†
j,acj,a + nj,L. This symme-
try is unwanted, as it changes the gauge transformations
from an SU(3) group into a U(3) group. The dynamical
breaking terms thus typically takes the form:
Hbreak = −ε
L−1∑
j=1
(
ψ†j,L,rψ
†
j,L,gψ
†
j,L,b×
×ψj+1,R,bψj+1,R,gψj+1,R,r + h.c.) , (5)
also acting solely on the gauge degrees of freedom and
rightfully preserving all the other symmetries. This ex-
tra component has also the merit of breaking the energy
degeneracy of the two colorless-colorless gluon states,
producing one reflection-symmetric state at energy −ε
and one reflection-antisymmetric state at energy +ε. We
can now recover exactly the desired 19-states representa-
tion by energetically eliminating one of these two states,
i.e. by setting g0 = ( 83g`−ε) and ε g`. As we approach
ε→ +∞, the original free-field hamiltonian is recovered
(apart from a constant).
7A3. Composite-site gauge invariant basis and gauge
group reduction
The following sections we perform some analytic ma-
nipulations of the truncated lattice QCD model in order
to simplify the many-body quantum problem in a for-
mat which is fit for numerical simulation. First of all
we construct all the possible gauge-invariant quasi-local
states, and show that it is possible to express them in a
color-transparent occupation basis, on which the gauge
symmetry can be cast as a Z3 group. We will then be
able to evaluate all the matrix elements of the truncated
lattice QCD Hamiltonian on this basis.
To represent the matter states, we write sites |0〉 as the
bare staggered vacuum (empty matter, full antimatter),
then the singly-occupied states |r〉 = c†r|0〉, |g〉 = c†g|0〉
and |b〉 = c†b|0〉 (red, green, and blue respectively), fol-
lowed by the doubly-occupied states |y〉 = c†rc†g|0〉,s |c〉 =
c†gc
†
b|0〉 and |m〉 = −c†rc†b|0〉 (cyan, yellow and magenta),
and finally the triply-occupied state |3〉 = c†rc†gc†b|0〉.
To represent the rishon sites (either left or right side of
a gluon field) we similarly adopt |r〉, |g〉, |b〉 to character-
ize the quark-like q subspace, |y〉, |c〉, |m〉 to characterize
the antiquark-like q¯ subspace, and |0〉 to represent the
colorless (0, 0) subspace.
We can now list the gauge-invariant states of the quasi-
local space, which includes a matter site j, the right-
rishon space R of the gluon to its left {j − 1, j} and the
left-rishon space L of the gluon to its right {j, j + 1}:
|0, 0, 0〉
|1, 0, 2〉 := 1√
3
(|r, 0, c〉+ |g, 0,m〉+ |b, 0, y〉)
|2, 0, 1〉 := 1√
3
(|c, 0, r〉+ |m, 0, g〉+ |y, 0, b〉)
|0, 1, 2〉 := 1√
3
(|0, r, c〉+ |0, g,m〉+ |0, b, y〉)
|1, 1, 1〉 := 1√
6
(|r, g, b〉+ |g, b, r〉+ |b, r, g〉+
−|g, r, b〉 − |r, b, g〉 − |b, r, g〉)
|2, 1, 0〉 := 1√
3
(|c, r, 0〉+ |m, g, 0〉+ |y, b, 0〉)
|1, 2, 0〉 := 1√
3
(|r, c, 0〉+ |g,m, 0〉+ |b, y, 0〉)
|2, 2, 2〉 := 1√
6
(|c, y,m〉+ |y,m, c〉+ |m, c, y〉+
−|c,m, y〉 − |m, y, c〉 − |y, c,m〉)
|0, 3, 0〉
|1, 3, 2〉 := 1√
3
(|r, 3, c〉+ |g, 3,m〉+ |b, 3, y〉)
|2, 3, 1〉 := 1√
3
(|c, 3, r〉+ |m, 3, g〉+ |y, 3, b〉) ,
(6)
for a total of 12 composite-site gauge invariant states.
It is immediately visible that such occupation basis ex-
pansion |ηR, ηM , ηL〉, with ηR, ηL ∈ {0, 1, 2} and ηM ∈
{0, 1, 2, 3}, bears no further color ambiguity once the
Gauss’ law is set, so it can be comfortably used for nu-
merical simulations.
Additionally, in this basis it is straightforward to see
that the gluon space truncation we chose has the net ef-
fect of simplifying the SU(3) gauge symmetry into its
center group Z3, the Abelian cyclic group with three
elements (g, g2 = g−1 and g3 = 1). Namely, let us
define at every composite site j the unitary operator
Γ|ηR, ηM , ηL〉 = e 2ipi3 (ηR+ηM+ηL)|ηR, ηM , ηL〉. The trans-
formation Γ clearly forms a Z3 group since Γ3 = 1.
In the truncated space, the Gauss’ law of Eq. (2) can
be simply cast in terms of the Γ operators and reads
Γj |Ψphys〉 = |Ψphys〉, ∀j ∈ {1,L}. In simple terms,
the reduced Gauss’ law requires that, at every site j,
ηR + ηM + ηL modulo 3 is equal to zero, which is in-
deed a Z3 symmetry constraint. As a final remark, we
also point out that the link symmetry constraint can be
similarly cast in a Z3 fashion, since it can be written as
(ηj,L + ηj+1,R)%3 = 0
A4. Matrix Elements of the Hamiltonian
In this section we derive the matrix elements for the
operators that appear in the hamiltonian (1), when ex-
pressed in the composite-site gauge invariant basis we
constructed in Sec. A2. These effective operators di-
rectly follow from the quantum link modelization (see
Sec. A1), from which we projected away the reflection-
antisymmetric colorless-colorless state
|∞〉j,j+1 = 1√
2
(ψ†j,L,rψ
†
j,L,gψ
†
j,L,b+
+ ψ†j+1,R,rψ
†
j+1,R,gψ
†
j+1,R,b)|Ω〉 (7)
where |Ω〉 is the particle vacuum (full antimatter universe
in KS language). The effective 19-gluon-states Hamilto-
nian is then obtained from the 20-gluon-states one in a
first-order perturbation theory sense H(1) = PHP where
the projector P =
⊗L−1
j (1 − |∞〉〈∞|)j,j+1 removes the
unwanted colorless-colorless state from each link.
According to this prescription, the various components
of the truncated Hamiltonian (1) can be expressed as sim-
ple operators in the color-transparent occupation basis:
The free field term reads
H
(1)
ff =
2g`
3
L−1∑
j=1
ηj,L(3− ηj,L) + ηj+1,R(3− ηj+1,R), (8)
8while the bare mass term reads
H
(1)
bm = m
L−1∑
j=1
(−1)jηj,M , (9)
where now η are meant as operators. The matter-gauge
interaction term of the Hamiltonian can be comfortably
written as H(1)inter = − t`
∑L−1
j=1 A
L†
j A
R
j+1 + h.c. where the
single composite-site operators AL† and AR are
AL† = 4
√
9
2
|0, 3, 0〉〈0, 2, 1|+ 2|0, 2, 1〉〈0, 1, 2|
+
4
√
9
2
|0, 1, 2〉〈0, 0, 0|+ 4
√
2|1, 2, 0〉〈1, 1, 1|
+
√
2|1, 1, 1〉〈1, 0, 2|+ 4
√
1
2
|1, 3, 2〉〈1, 2, 0|
+
√
2|2, 3, 1〉〈2, 2, 2|+ 4
√
2|2, 2, 2〉〈2, 1, 0|
+
4
√
1
2
|2, 1, 0〉〈2, 0, 1| , (10)
and
AR =
4
√
9
2
|0, 0, 0〉〈2, 1, 0|+ 2|2, 1, 0〉〈1, 2, 0|
+
4
√
9
2
|1, 2, 0〉〈0, 3, 0|+
√
2|2, 0, 1〉〈1, 1, 1|
+
4
√
2|1, 1, 1〉〈0, 2, 1|+ 4
√
1
2
|0, 2, 1〉〈2, 3, 1|
+
4
√
2|0, 1, 2〉〈2, 2, 2|+
√
2|2, 2, 2〉〈1, 3, 2|
+
4
√
1
2
|1, 0, 2〉〈0, 1, 2| (11)
respectively. These matrices can be comfortably used in
numerical simulations, such as the imaginary TEBD we
employed to obtain our results.
A5. String operators for fluid correlation functions
In this paragraph we construct explicitly the string op-
erator Sa,a
′
j,j′ that we use in the evaluation of single-quark
fluidity correlation matrix 〈Cj,j′〉. As mentioned in the
letter, we require that it is a unitary space propagator
(in the truncated model), and that it transforms covari-
antly, so that the correlator Cj,j′ =
∑
a,a′ c
†
j,aS
a,a′
j,j′ cj′,a′
preserves the Gauss’ law at every site.
For such construction, it is extremely convenient to
work in the occupation basis |ηR, ηM , ηL〉, on which the
Gauss law is expressed as the Z3 symmetry [(ηj,R+ηj,M+
ηj,L)%3]|Ψphys〉 = 0, and the link symmetry as [(ηj,L +
ηj+1,R)%3]|Ψphys〉 = 0.
In this language, the correlators are simply expressed
as
Cj,j′ = TM†j
j′−1∏
k=j
Bk,k+1
TMj′ , (12)
where the order of the operators is not relevant as they
all commute. In fact, the ‘tail’ operators TM act only on
matter modes, and retain some freedom: for simplicity,
we chose them to be
TM = |0〉〈1|+ |1〉〈2|+ |2〉〈3|. (13)
Each ‘body’ operator Bj,j+1, instead, acts only on rishon
modes {j, L} and {j+ 1, R}. In order to preserve all link
and Gauss’ symmetries, they must be of the following
form (apart from phase factors)
Bj,j+1 = |0, 0〉〈1, 2|+ |1, 2〉〈2, 1|+ |2, 1〉〈0, 0|, (14)
which is a cyclic operator B3 = 1. We employ those
string operators to investigate the presence of vari-
ous Luttinger liquid orders: Respectively, liquid phases
where the quasiparticles are quark-like (Cj,j′), meson-like
(C2j,j′) or baryon-like (C3j,j′).
A6. Perturbation theory at t g
In this section we will derive an effective Hamiltonian,
corresponding to the second-order degenerate perturba-
tion theory in t, acting upon the ground space of the
free-field Hamiltonian, to better understand the phase
diagram in the limit t g (after setting ` = 1). First of
all we identigy the ground space of the free-field Hamil-
tonian: Using the free-field term in the form of Eq. (8),
we immediately see that every link {j, j + 1} must be in
the colorless-colorless state |0, 0〉, kernel of the positive
Casimir operators C(L)j and C
(R)
j+1. Due to the reduced Z3
Gauss’ law, and having set the leftmost boundary to be
colorless, we conclude that each matter site can only be
either in an empty state or in a triply-occupied (baryon)
state, thus either |0〉 or |3〉 = c†rc†gc†b|0〉. The ground space
of the free-field Hamiltonian is thus equivalent to a 1D
lattice of spinless fermions, given that baryon operators
b† = c†rc
†
gc
†
b mutually anticommute as Dirac fermions.
First order perturbation theory on this effective sub-
space provides no change, since every matrix element of
the matter-field interaction Hamiltonian restricted to this
subspace is identically zero: PH(1)interP = 0 where P is
the projector onto the subspace. At this point we can
consider second-order processes on each pair of neigh-
bouring sites, since the free-field Hamiltonian is fully
local and the matter-field interaction acts on nearest-
neighbours [41]. States of the type |0, 0, 0〉j |0, 0, 0〉j+1
and |0, 3, 0〉j |0, 3, 0〉j+1 allow for no second-order pro-
cesses. On the other hand, the state |0, 0, 0〉j |0, 3, 0〉j+1
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Figure 5: Binding energy m¯6 − 2m¯3 of two baryons, as a
function of t, for system sizes L = 48 (magenta), 72 (red), 96
(orange). Inset: Binding energy m¯3−3m¯1 of the three quarks
forming a single baryon. The sizes L are color coded as in the
main panel.
can virtually excite to the state |0, 1, 2〉j |1, 2, 0〉j+1 via
H
(1)
inter, with amplitude − 3
√
2
2 t. In turn, the state|0, 1, 2〉j |1, 2, 0〉j+1, after freely propagating with inverse
excitation energy (H(1)ff − E0)−1 equal to 38g , can only
go back to the subspace in a single H(1)inter excitation by
returning to |0, 0, 0〉j |0, 3, 0〉j+1. Using the previous argu-
ment, we conclude that the state |0, 0, 0〉j |0, 3, 0〉j+1 ac-
quires a perturbed energy equal to −27t2/(16g). By left-
right reflection symmetry, the state |0, 3, 0〉j |0, 0, 0〉j+1
acquires the same energy. The effective Hamiltonian
H(2) = PH
(1)
inter(H
(1)
ff − E0)−1H(1)interP deriving from the
second-order pertutbation theory in t will thus read
H(2) = +
27t2
32g
L−1∑
j
σzjσ
z
j+1 −
3m
2
L∑
j=1
(−1)jσz (15)
where we re-introduced the bare mass term (which is
exact, since it commutes with the free-field Hamilto-
nian), and where we recast the baryon lattice into a spin
lattice via Jordan-Wigner transformation, simply using
σzj = 2b
†
jbj − 1. The additional parameter that we con-
trol in our simulations, the particle filling ν, is equivalent
to ν = 32 +
1
L
∑
j σ
z
j in this language.
In the bare-massless case, such ZZ Hamiltonian is
gapped at the filling sector ν = 3/2 (corresponding
to zero magnetization), and it has a doubly-degenerate
ground state, corresponding to the two Z-aligned antifer-
romagnets. This degeneracy spontaneously breaks the
full spin-flip (particle-hole) symmetry, and establishes
the chiral order parameter ζpi, which indeed we observed
numerically for t ≤ t(A)c g.
For other particle fillings ν, at zero bare mass m, the
effective second order Hamiltonian H(2) has an exten-
sive degeneracy of the ground space, thus to better un-
derstand the phases we find at t  g, it is helpful to
consider additionally the third order of the perturbation
theory: Since PH(1)interP = 0, the only relevant contribu-
tion to the third order effective Hamiltonian is of the form
H(3) = PH
(1)
inter(H
(1)
ff −E0)−1H(1)inter(H(1)ff −E0)−1H(1)interP ,
which leads to
H(3) =
81t3
32g2
L−1∑
j
b†jbj+1 + h.c.
=
81t3
32g2
L−1∑
j
σ+j σ
−
j+1 + σ
−
j σ
+
j+1
(16)
where again we used the Jordan-Wigner. This effective
tight-binding Hamiltonian for fermions produces a finite
bandwidth for the free-fermion modes, which in turn will
produce a fermionic band-conducting phase for fillings
ν 6= 3/2. Nevertheless, activating the bare mass m 6=
0 dampens the hopping processes, resulting again in an
emergent insulating behaviour.
A7. Binding energies
Here we report the estimation of binding energies of
few-body, eventually bound, states, based on the mea-
surement of the mass gaps m¯k of k quarks on top of
the dressed vacuum ν = 32 . To do so, we numerically
simulate the ground state energies E(ν) for ν = 32 +k/L,
with excess quarks number k from the set k ∈ {0, 1, 3, 6}.
The corresponding k-quarks mass gap (that is, the chem-
ical potential for k additional quarks) is thus m¯k =
E( 32 +k/L)−E( 32 ). We can then compare the various m¯k
to estimate the binding energies of composite particles.
We first consider the binding energy of a baryon,
formed by three quarks. Its binding energy, m¯3 − 3m¯1 is
reported in Fig. 5 (inset) as a function of t, for zero bare
mass m. We observe not only that this binding energy
is negative, but also that it is insensitive to the system
size. This suggest that the three quarks indeed form a
bound state, which has finite size in the relative coor-
dinates with respect to the center of mass, once again
corroborating the strong confinement of quarks [4] in our
model.
Secondly, we consider the binding energy of a deuteron,
i.e. a state formed by two baryons, or six quarks, hence
k = 6. The main panel of Fig. 5 shows that the deuteron
binding energy m¯6 − 2m¯3 is positive, revealing that the
two baryons do not form a bound state, while instead
they repel each other. Moreover, we observe that such
repulsion energy decreases with the system size. We con-
sider this a signature that the effective interaction energy
scales with the distance of the two baryons: as the size
L increases, they have more space to sit far apart, and
the resulting interaction energy decreases. The repulsion
between baryons is thus somewhat ‘weak’ compared to
the color confinement effects.
